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STRESS CONCENTRATION NEAR AN INHOMOGENEITY AND 

EXPERIMENTAL CLARIFICATION OF THE COUPLE-STRESS 

EFFECT 

Y a .  M.  S h i r y a e v  UDC 539.30 + 620.171.5 

Following the fundamental  papers  [1-3], many  authors have recent ly  exer ted  cons iderable  effor ts  
to develop a new mechanics  of themie rocon t inuum in which d i sp lacements  of mic roe l emen t s  a re  
taken into account.  To apply these  theor ies  it  is requi red  to de te rmine  a suff icient ly l a rge  quan-  
tity of new elas t ic  constants .  The effects  which appear  because  of taking account of the m i c r o -  
e lement  d i sp lacements  have  been examined theore t ica l ly  by a n u m b e r  of authors .  However ,  there 
is quite l i t t le  exper imenta l  work in ~hich the effect  of this accounting would be explained and 
new elas t ic  constants  would be de te rmined  in ma te r i a l s  [4-6]. The purpose  of the p r e s e n t  pape r  
is to c la r i fy  the effect  of the influence of couple s t r e s s e s  on s t r e s s  concentrat ion n e a r  an inhomo- 
geneity in the case  of plane s t r a in  by the expe r imen ta l  method of photoelasticityo 

S t ress  concentra t ion n e a r  a c i r c u l a r  cy l inder  of radius  a exact ly coincident with a cavi ty  and imbedded 
in an infinite medium (str ip) ,  which is subject  to the action of a uni form load p at infinity, is  considered.  The 
c i r cu l a r  cyl inder  (inhomogeneity) and the ex te rna l  medium have different  e las t ic  cons tants :  the shea r  modulus 
and Poisson  ra t io  G1, vl  and G2, ~ ;  l 1 and l 2 (new e las t ic  constants  introduced by the c o u p l e - s t r e s s  theory of 
e las t ic i ty) ,  r e spec t ive ly .  

Let  us take an r ,  0 polar  coordinate  s y s t em.  Let  O'r, ~r 0, Tr0, V'0r denote the s t r e s s  t ensor  components 
and Pr,  P0, the c o u p l e - s t r e s s  tensor  components .  

T a k i n g  the s t r e s s  function in the f o r m  f rom [2] and fo rming  the boundary, conditions of comple te  contact  
on the contour  of the inhomogenei ty (at r = ct), we find the solution for  s t r e s s e s  according to the c o u p l e - s t r e s s  
theory  of e las t ic i ty  [1, 2], which is obtained in closed fo rm in t e r m s  of the modif ied Besse l  functions I and K. Ac-  
oording to the c l a s s i ca l  theory in which c o u p l e - s t r e s s e s  a re  neglecte~,  the solution is  obtained by a passage  
to the l imi t  when l 1 = 12 = 0. 
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In the general case, the location of points at which the greatest stresses originate and the magnitude of 
the stress concentration coefficient are complex functions of the elastic constants Gi, ~i, li (i = 1, 2). The 
greatest s t resses  ~0 develop at r = a and 0 = �9 ~r/2. For the values G~/G 2 < I the stress concentration co- 
e f f i c i e n t  i s  k = ( ~ )  (a, ~: ~ r /2 ) /p  and f o r  G1/G ~ > ! , k  = (r (1) ( a ,  -~ ~ / 2 ) / p ,  w h e r e  the  s u p e r s c r i p t s  (1) and (2) r e f e r  

{/ 
to the  i n h o m o g e n e i t y  and the s u r r o u n d i n g  m e d i u m ,  r e s p e c t i v e l y :  

" ( l - - v ~ ) p  2 (t--v~) p [ M + 2 4 ( l _ _ ~ v ~ ) ( l j a ) 2 L ~ ( 2 _ L ~ ) ] ;  o~ ') (a ,  • ~ / 2 )  = i + ( i  - -  2 ~ )  ~ -~ Q 

~,~ + ( I - -  2 v l )  g _ 2p O(0 2) (a, • ~/2) = ~ ~ ~/J - -  -~- [(v~ - -  g) M - -  3g ( i - -  vl) N:L . :  (2 - -  L~)], 

(z) 

w h e r e  

g----- G1/G._; N~ = 8(t --va)(Ix/a)2(N~ = 8(t --v~)(l,,/a)2; 

L1 = (a /2 l l ) I i (a / l l ) iL_(a , ' l~ ) ;  L., = (a/21~)Kl(a.. '12)iK.,(a/12); 

Q -= g (1 - g) (L / l l ) "N ,Lo_  . _ [ 3 N t L ~  - -  6NI @ 4g (~1_~-- 'q) J ] - -  

- -  [3  - -  4v~ - -  N,,L, -~- g( t  -5 N.,.L.,.)I M; 
M ---- [4g(l - -  va).'~(t - -  g)][t  - -  L~ - -  g ( l . j l ] )2 ( l  + L2)] 4- 

@ (2 - -  L~) - -  [1 --I g(lo/l~)" (1 @ L~)] (t - )  3N~L~ - -  6N~). 

(2) 

The  d e p e n d e n c e  of the  c o e f f i c i e n t  k on the r a t i o  a l l  2 ob ta ined  f r o m  (1) and (2) i s  shown in F i g .  1 f o r  the  

fo l lowing  v a l u e s  of the p a r a m e t e r s :  c u r v e  1) G1/G 2 = 0, v2 = 1 /3 ;  2) G 1 = 0.5G 2, vl = Y2 = 1 /3 ,  l 1 = 0; 3) G 1 = 
2G2, vt = v2 = 1 /3 ,  l 1 = 0; 4) G I / G  2 = r v2 = 1/3o The s o l i d  l i n e s  c o r r e s p o n d  to the c o u p l e - s t r e s s  t h e o r y  and 
the  d a s h e s ,  to the  c l a s s i c a l  t h e o r y .  

A p o l a r i z a t i o n  o p t i c a l  me thod  was  u sed  f o r  an e x p e r i m e n t a l  d e t e r m i n a t i o n  of  the  s t r e s s  c o n c e n t r a t i o n .  
The  s t r i p  s p e c i m e n s  w e r e  f a b r i c a t e d  f r o m  the epoxy r e s i n  I~D-6, the l i m i t  of  m a t e r i a l  p r o p o r t i o n a l i t y  was  
530 k g / c m  2, the  e l a s t i c  m o d u l u s  was  37,500 k g / c m  2, and the P o i s s o n  r a t i o  was  v = 0.38.  T h e r e  w e r e  t h r e e  to 
f ive  s m a l l  h o l e s  of  d i f f e r e n t  r a d i u s  in each  s p e c i m e n .  The e x p e r i m e n t  was  conduc ted  f o r  t,a<) l i m i t  c a s e s :  
a) G1/G 2 = 0; b) G I / G  2 = ~ ,  s t e e l  d i s k s  w e r e  hence  g lued  in to  the ho le s  by c o l d - h a r d e n i n g  e p o x y  g lue .  

T h e  g r e a t e s t  n o r m a l  s t r e s s  e 0 m a x  on the ho l e  c o n t o u r  in  t hese  l i m i t  c a s e s  can be c a l c u l a t e d  [4, 5] f r o m  
the  m a x i m u m  o r d e r  of  the i n t e r f e r e n c e  f r i n g e s  n m a x  by  u s i n g  the  fundamenta l  l a w  of p h o t o e l a s t i c i t y  in the f o r m  

(Jernax == Cnmax, (3) 

w h e r e  C i s  a c o n s t a n t  of the  s p e c i m e n  m a t e r i a l  of  g iven  t h i c k n e s s .  

A s p e c i m e n  hav ing  s e v e r a l  s m a l l  h o l e s  of  d i f f e r e n t  r a d i u s  was  t e s t e d .  The  c o n c e n t r a t i o n  c o e f f i c i e n t s  f o r  
any  h o l e s  i and j a r e  h e n c e  c o n n e c t e d  by the r e l a t i o n s h i p  

ki/kj = A(u,na~)~ A(~max)j, (4) 

w h e r e  A(nmax)  i s  the i n c r e m e n t  of  i s o c h r o m a t i c  o r d e r s  on the  con tou r  which  c o r r e s p o n d s  to the  i n c r e m e n t  in 
ffae a p p l i e d  load .  

570 



! ! .mm! ', i '~ t ! ! 
f t l i 

2 , o ~ , ~  I I ~ : ~ ~,oi L _ 2 " ~  .',..i.,_L_~,~i 

1,ol ~ , _ ,  I ~_ ~ ~ as I i 
0 t,O z,o 3,.0 a,  ram 0 1~0 2,0 3,0 a, mm 

Fig.  2 Fig.  3 

The high accu racy  of this compar i son  method r e s ides  in the use  of (4), whereupon the e r r o r s  due to edge 
ef fec ts ,  extrapolat ion,  and o ther  f ac to r s  can be reduced to a min imum.  

In this invest igat ion the d i f ference  in the inc remen t s  of the m a x i m u m  i sochromat i c  o rde r  for  holes 
of d i f ferent  radius  was found by graphica l  ext rapola t ion using c i r c u l a r  po lar iza t ion  with a magnif ied image  of 
the i n t e r f e r ence  f r inges .  Moreover ,  di f ferent  holes in one spec imen with i sochromat i c  f r inge  pa t t e rns  around them 
w e r e  magnif ied to the s a m e  radius ,  and then these  pa t t e rns  we re  compared .  To de te rmine  the posi t ion of the o rd e r s  
and the boundary observa t ions  an optical  c o m p a r a t o r  was used. Mainly monochromat ic  light with a 546 .1-~m 
wavelength was used.  

Shown in Fig.  2 is  an empi r i ca l  dependence of the s t r e s s  concentrat ion coeff icient  k on the hole radius  
fo r  the s ame  s t r ip  m a t e r i a l  [curve 1) G1/G 2 = 0; 2) G1/G 2 = ~]. 

Setting the theoret ical  and exper imenta l  values of the s t r e s s  concentrat ion coeff icient  equal,  the value of 
the e las t ic  c o n s t a n t / c a n  be de te rmined .  This  de te rmina t ion  was made fo r  the case G1/G 2 = 0 and i ts  r e su l t s  
a r e  p resen ted  in Fig. 3, where it is  seen  that the values of l depend on the magnitude of the hole radius in a 
number  of eases  (curvedl ine) .  The s t ra igh t  line para l le l  to the hor izontal  axis co r r e sponds  to the ideal  case;  
the values of l a r e  independent of the hole radius .  The g r ea t e s t  d i sc repanc ies  are  obtained in the case  of smal l  
holes;  there  a re  some d i s a g r e e m e n t s  for  compara t ive ly  l a rge  h o l e s ,  An abrupt  i n c r e a s e  in l in the region of 
quite smal l  holes is explained by the fact  that the s ize  of the hole and the thickness  of the s t r ip  become  quanti-  
t ies of the same  o rde r  of magnitude.  The application of c o u p l e - s t r e s s  theory to a specif ic  s tate  of s t r e s s  r e -  
qu i res  that the ra t io  all be sufficiently la rge  compared  to one (but not g r e a t e r  than 10), as is indicated in [2]. 
As r ega rds  some diminution in l in the domain of l a rge  holes ,  this is apparent ly explained by the fact  that  the 
boundary  conditions fo r  a fini~e-~4dth s t r ip ,  which a re  not sa t i s f ied  comple te ly  in the analytical  solution by 
means  of c o u p l e - s t r e s s  theory of e las t i c i ty ,  s t a r t  to be felt .  
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